EXISTENCE OF RELATIVE PERIODIC ORBITS NEAR RELATIVE 

EQUILIBRIA 



VIKTOR GINZBURG AND EUGENE LERMAN 



Abstract. We show existence of relative periodic orbits (a.k.a. relative nonlinear normal modes) 
near relative equilibria of a symmetric Hamiltonian system under an appropriate assumption on 
the Hessian of the Hamiltonian. This gives a relative version of the Moser-Weinstein theorem. 
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1. Introduction 

In this paper we discuss a generalization of the Weinstein-Moser theorem |Mol IWH IW2j on the 
existence of nonlinear normal modes (i.e., periodic orbits) near an equilibrium in a Hamiltonian 
system to a theorem on the existence of relative periodic orbits (r.p.o.'s) near a relative equilibrium 
of a symmetric Hamiltonian system. 

More specifically let {M,ujm) be a symplectic manifold with a proper Hamiltonian action of a 
Lie group G and a corresponding equivariant moment map ^ : M —> g*. Let h G C°°{M)^ be a 
G-invariant Hamiltonian. We will refer to the quadruple {M,ujm,^ : M ^ Q*,h £ C°°{M)^) as 
a symmetric Hamiltonian system. The main result of the paper is the following theorem (the 
terms used in the statement are explained below): 

Theorem 1. Let {M,u>m,^ ■ M — > Q*,h € C°°(M)*^) be a symmetric Hamiltonian system. Sup- 
pose X € M is a positive definite relative equilibrium of the system and let /x = ^(x). Then for 
every sufficiently small E > the set {h = E + h{x)} H $~"^(/u) (if nonempty) contains a relative 
periodic orbit of h. 

This theorem strengthens or complements numerous other results about the existence of relative 
periodic orbits; see, e.g., |LT|I()H l()2j . 
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We now define the relevant terms. Recall that for every invariant function h G C°°{M)^ the 
restriction /i|<i)-i(^) descends to a continuous function /i^ on the symplectic quotient 

M//^G:=<f-\f,)/G^, 

where denotes the stabilizer of ^ € g* under the coadjoint action. If acts freely on ^~^{fi) 
then the symplectic quotient M// is a symplectic manifold and the flow (of the Hamiltonian 
vector field) of h on <I>~^(/i) descends to the flow of /i^ on the quotient. More generally the quotient 
M/l ^G is a symplectic stratified space: the quotient is a union of strata, which are symplectic 
manifolds and which fit together in a locally simple manner. In this case the flow of h descends to 
a flow on M// ^G, which is, on each stratum, the flow of the restriction of to the stratum.^ 

A point X G <I>~^(^) is a relative equilibrium of h (strictly speaking of the symmetric Hamil- 
tonian system (M, tj, <I> : M ^ g*, h e C°°(M)'^), if its image [x] G M// ^G is stationary under the 
flow of h^. If X is a relative equilibrium then there is a vector ^ € such that dh{x) = d{{^, ^))(x). 
It is not hard to see that ^ is in the Lie algebra of the stabilizer of fi and that ^ is unique modulo 
Qx, the Lie algebra of the stabilizer of x. If we set 

:=/i-(<D,0, 

then d{h^){x) = 0. Hence the Hessian d'^{h^){x) is well-deflned. The symplectic slice at x G M is, 
by definition, the vector space 

V := Tx{G ■ xr/{T,{G ■ x) n r,(G • ), 

where denotes the symplectic perpendicular. Note that V is naturally a symplectic representa- 
tion of Gx^ the stabilizer of x. Note also that Tx{G-x)^ = kerd^^,, so V is isomorphic to a maximal 
symplectic subspace of ker d^x ■ In particular if G^ acts freely at x then V models the symplectic 
quotient M//^G near [x]. A computation shows that Tx{G ■ x) nTx{G ■ x)^ = Tx{Gf^ ■ x) and that 
h^{g ■ x) = h^{x) for all g G G^. Hence that subspace Tx{G^ ■ x) lies in the kernel of the quadratic 
from d^{h^){x). It follows that the Hessian d'^{h^){x) descends to a well-defined quadratic form q 
on the symplectic slice V (which depends on ^). We say that the relative equilibrium x is positive 
definite if q is positive definite for some choice of ^. When the action is free, q can be thought of 
as the restriction of {h |(i>-i(^)) to the normal V in <I>^-'^(/i) to the orbit G ■ x. An integral curve 
7(t) C <I>^^(^) of /i is a relative periodic orbit if its projection [y{t)] C M/f^G is periodic. 

The motivation for Theorem ^ comes from a result of Weinstein |Wlj generalizing a classical 
theorem of Liapunov which asserts that if x is an equilibrium of a Hamiltonian /i on a symplectic 
manifold (M, (j) and if the Hessian d'^h{x) of /i at x is positive definite, then for every E > Q 
sufficiently small the energy surface 

{h = h{x)+E} 

carries at least ^dimM periodic orbits. Now suppose (M,a;,<I> : M Q*,h G G°°{M)'-') is a 
symmetric Hamiltonian system, /i G 0* is a point and the action of G^ on is free, so that 

the symplectic quotient M // ^G is smooth. If a relative equilibrium x G ^~^{^) is positive definite 
then the Hessian of at [x] is positive definite. Hence by Weinstein's theorem applied to at 
[x], for every E > Q sufficiently small the energy surface 

{K = K{[x\) + E} 

^T\ie facts referred to above were first proved in |SL| in the special case of G being compact and ^ = 0. The case 
where G acts properly and the coadjoint orbit through ix is closed was dealt with in |BL| . The assumption on the 
coadjoint orbit was subsequently removed in |LW| following a suggestion in |01| . 
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carries at least 2 dimAf//^G periodic orbits. In other words, under these natural assumptions the 
manifolds 

{h = h{x) + E}n^-^{n) 

carry relative periodic orbits of /i. It is natural to ask what happens if does not act freely at 
or near the relative equilibrium x of h. To address this issue let us recall where the strata of the 
symplectic quotients come from. For a subgroup H of G the set M(/^) of points of orbit type {H) 
is defined by 

M(^Hy.= {m £ M \ the stabilizer G is conjugate to H in G}. 
Since the action of G is proper, M(^jj-j is a manifold. Moreover the set 

(M//^G)(H) := {M^H)n^-Hfi))/G^ 

is naturally a symplectic manifold |BLl ISLj . Now if x G ^^^{fi) is a relative equilibrium and Gx is 
the stabilizer of x, then {M // ^G)(^q^^-^ is the stratum of the quotient Mjj ^^G containing \x\. Hence by 
Weinstein's theorem if /iMl(M//pG)(G, ) has a positive definite Hessian at \x\ then the energy surface 

contains at least \ dim(M//^G)(G^) periodic orbits of ^a'I(m//pG)(g ) ^"-"^ all > sufficiently small. 

The trivial observation above raises a natural question. Suppose the stratum containing the 
point \x\ is not open in the quotient Mjl ^G. Under suitable assumptions on the second partials of 
/i at a relative equilibrium x, must the set 

{/i^ = V([x]) + ^} CM//^G 

contain more periodic orbits of the flow of than ^(dimM//^G)(/^)? For example, are there 
periodic orbits of /i^ in nearby strata? Theorem ^ in effect affirmatively answer the question in a 
special case: the stratum of Mjj^G passing through [x] is a single point {[x]}. 

Keeping in mind that V = T^M, when x is a fixed point of the action, note that the following is 
a special case of Theorem ^ above: 

Theorem 2. Let K Sp{V,uj) denote a symplectic representation of a compact Lie group K on a 
symplectic vector space {V,uj), let ^ : V ^ t* denote the associated homogeneous moment map. Let 
h € C°°{V)^ be an invariant function with dh{0) = and the quadratic form q := d'^h{0) positive 
definite. Then for every E > sufficiently small there is a relatively periodic orbit of h on the set 

{/i = /i(0) + ^} n {$ = 0}, 

provided the set in question is non-empty. 

We will show that in fact Theorem 121 implies Theorem ^ 

Theorem 3. Let x be a relative equilibrium of a symmetric Hamiltonian system (M, 0;,$ : M — > 
0*, h € G°°(M)^). Denote the stabilizer of x by Gx, the stabilizer of 11 = $(x) by G^, the symplectic 
slice at X by V and the moment map associated to the symplectic representation of Gx on V by <I>y. 

Then there exists a Hamiltonian hy G C°°{y)'^'' with dhv{0) = so that for any E £ M. 
sufficiently small and for any Gx-relatively periodic orbit of hy in 

{hv = E}n<^y\o) 

sufficiently close to there is a G-relatively periodic orbit of h in 

{h = h{x) + E}n^-^{fi). 

Moreover, if x is a positive definite relative equilibrium of h, then hy can be chosen so that the the 
Hessian d^/iy(0) is positive definite. 
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Clearly Theorem |21 and Theorem |21 together hiiply Theorem ^ We will then reduce the proof of 
Theorem |2l to 

Theorem 4. Let Q he a compact manifold with a contact form a whose Reeb flow generates a torus 
action. Then for any contact form (3 C'^-close to a, the Reeb flow of j3 has at least one periodic 
orbit. 

A note on notation. Throughout the paper the Lie algebra of a Lie group denoted by a capital 
Roman letter will be denoted by the same small letter in the fraktur font: thus g denotes the Lie 
algebra of a Lie group G etc. The identity element of a Lie group is denoted by 1. The natural 
pairing between g and g* will be denoted by (•, •). 

When a Lie group G acts on a manifold M we denote the action by an element g G G on a point 
X G G hy g ■ X] G ■ x denotes the G-orbit of x and so on. The vector field induced on M by an 
element X of the Lie algebra g of G is denoted by Xm- The isotropy group of a point x € M is 
denoted by Gx ; the Lie algebra of Gx is denoted by g^; and is referred to as the isotropy Lie algebra 
of X. We recall that Qx = {X G g | XMix) = 0}. The image of a point x £ M in M/G under the 
orbit map is denoted by [x\. 

If P is a principal G-bundle then [p, m] denotes the point in the associated bundle P xq M = 
{P X M)/G which is the orbit of (p, m) € P x M. 

If LJ is a differential form on a manifold M and y is a vector field on M, the contraction of to by 
Y is denoted by l(Y)u;. 

2. Reducing non-linear to linear: proof of Theorem El 

2.1. Facts about symplectic quotients. In this subsection we gather a few facts |SLl IBLl ILWj 

about symplectic quotients that we will need in the proof of Theorem |31 As we mentioned in the 
introduction, the symplectic quotient at /x G g* for a proper Hamiltonian action of a Lie group G 
on a symplectic manifold (M, u) is the topological space 

M//,G:=<^-\f,)/G, 

where as before <I> : M — > g* denotes the associated equivariant moment map. We define the set of 
smooth functions C^{M//^G) by 

G^{M//^G) = {/ G G\M//^G) I vr;:/ G C°°(M)«|^-i(^)}, 

where vr^ : M//^G denotes the orbit map. Note that since vr^ is surjective, given 

h G C°°{M)'^ there is a unique h^ G C°°{M//^G) with 

One often refers to /i^ as the reduction of the Hamiltonian h at ^. 

Theorem 2.1 (Arms-Cushman-Gotay |A(XTj ). The Poisson bracket {•,•} on C°^{M) induces a 
Poisson bracket {t}^ on C^{M//^G) so that 

7r;:G-(M//^G)^C-(M)^|$-i(^) 

is a Poisson map. 

Definition 2.2. We say that a curve j : I M//^G is smooth (C°^) if / o 7 : I ^ R is smooth 
for any / G C^{M//^G) (I, of course, is an interval). A curve 7 : / ^ M//^G is an integral 
curve of a function / G C°°{M//^G) if for any k G C°^{M//^G) we have 

±(koj){t) = {f,k}Mt)). 
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The following fact is an easy consequence of the well-known result that for proper group actions 
(the only kind of actions we consider) smooth invariant functions separate orbits: 

Proposition 2.3. Integral curves of functions in C°^{M//fj_G) are unique. 

It is also not hard to see that Theorem 12.11 implies that if 7 is an integral curve of an invariant 
Hamiltonian h € C°°(M)^ lying in ^>~^(^) then tt^ o 7 is an integral curve of the correspond- 
ing reduced Hamiltonian /i^ G C°°{M// ^G) (as above TT*^h^ = Combining this with 
Proposition 12.31 we get 

Lemma 2.4. Let h G C°°{M)'-' he an invariant Hamiltonian and € C'^{M// ^G) the corre- 
sponding reduced Hamiltonian at fi. If j : I ^ M//^G is an integral curve of there exists an 
integral curve 7 : I — > <I>^^(/_i) of h so that 

TT;, O 7 = 7. 

Note that 7 is not unique: for any a G G^ the curve a • 7 is also an integral curve of 7 projecting 
down to 7. We will need one more fact about integral curves of functions in symplectic quotients, 
which is an easy consequence of Proposition 12.31 

Lemma 2.5. Suppose r : M// ^G M' // ^/G' is a continuous map between two symplectic quotients 
such that the pull-back t* maps C°°{M' // ^/G') to C°°{M// ^G) preserving the Poisson brackets (i.e, 
T is a morphism of symplectic quotients) . Then for any h' G C°°{M' // ^/G') if'j is an integral curve 
of T*h' then t o j is an integral curve h' . 

Proof. Since 7 is an integral curve of T*h' 

J^{{r*f')ojm = {r*h',T*f'},m). 
for any /' G C°°{M' // ^,G'). Hence 

j/{ro^)={T*h\r*f'},{l)=r*{{h',f'},,){^)={h',f'},,{To^). 

□ 

This ends our digression on the subject of symplectic quotients. 

In proving Theorem |21 we will argue that there is a G^-equi variant symplectic embedding a : 
V ^ Z// of a Gx-invariant neighborhood V of in F into a G-invariant neighborhood Z// of x in M 
which induces a morphism 

a : V//G, ^ U//^G 

of symplectic quotients so that a embeds V//Gx as a connected component of lA// ^G. Note that 
for a to induce a we would want a to map $y^(0) n V into ^>~^(/u) n Z// in such a way that the 
diagram 

(2.1) TTO TT^ 

V//0G, U/I^G 

commutes, where ttq, tt^ are the respective orbit maps. As before given / G G°°(V)*^'" we denote 
by /o the unique function in G~(V//oGa;) with /|$-i(o)nv = ^0/0 and similarly h^ G G'^{U//^G) 
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is determined by vr*/i^ = Then the commutativity of H2.1|) impHes: 

(cj*/i)o = a*hfj, 

for any h G C°°{U)^. 

Suppose next that we have constructed a : V ^ U with the desired properties. Given h G 
C°^{M)'^ and any ^ E let 

hv = a*{h-{^,0)- 
Then hy € C°°(V)'^-. Moreover, since (|2.1() commutes, 

(V)o = ia*{h - ($,e)))o = ^*ih - {^,0)^ = o*h^ - 

In other words, 

(2.2) ihv)o = (^*hf_i+ constant. 

Lemma 12.51 and equation (|2.2() imply that if jy is an integral curve of V in V n <^y^{0) n {hy = 
hv{0) + E} then ttoo^v is an integral curve of (/iy)o in {{hv)Q = (^v)(7ro(0)) Hence cT07ro07v 
is an integral curve of in {/i^ = h^{'K^{x)) + -E}. It follows that there is an integral curve 7 of 
hm.{h = h{x) + E}r\Un $"^(//) with 

Vr^ O 7 = CT O TTq O 7y. 

If 7y is a G^-relative periodic orbit of hy then ttq o 7^ is a periodic orbit of (/iy)o- Consequently 

7 is a G-relative periodic orbit of h. 

Finally note that if additionally we can arrange for 

dao(roV) cr,(G-xr, 

then since a is symplectic 

dao(roV)nr,.(G^-x) = {o}. 

Consequently if ^ G 3^ is such that d{h — (<I>,^))(x) = and (fi{h — {(^,()){x)\j'^(^q.x^^ is positive 
semi-definite of maximal rank, then 

d\h-{^,i)){x)\ 

dao{ToV) 

is positive definite. Therefore the Hessian 

d\a*{h-{^,i))m 

is positive definite as well. We conclude that in order to prove Theorem IHl it is enough to construct 
the embedding a with the desired properties. In other words it is enough to prove: 

Proposition 2.6. Let (M, w,<^ : M 3*) he a symplectic manifold with a proper Hamiltonian 
action of a Lie group G. Fix a point x in M . Let fj, = $(x), let <I>y : 1/ ^ g* be the homogeneous 
moment map associated with the symplectic slice representation Gx Sp{V,iOv)- There exists 
a Gx-invariant neighborhood V of in V, a G -invariant neighborhood U of x in M and a Gx- 
equivariant embedding a : V ^ U with 

such that the composition 

^y\o) n V ^ ^-\fi)nu^-^ {<^-Hfi)nu)/G^ = u//^G 

drops down to 

o : V//0G, = {^y\^) n V)/G, ^ Ull^G 
making i2. 1\) commute. Moreover, 
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(1) a(y // qGx) is a connected component ofhl//^G and a is a homeomorphism onto its image; 

(2) the pull-back a* sends C°°{U// ^G) isomorphically to C°°(y //qGx) (as Poisson algebras). 
Additionally 

daoinV) C T,{G ■ xr . 

Proposition 12.61 will follow from 

Proposition 2.7. As above let (M,iJ, ^ : M ^ g*) be a symplectic manifold with a proper Hamil- 
tonian action of a Lie group G. Fix a point x in M. Let = let $y : V ^ Q% be the 

homogeneous moment map associated with the symplectic slice representation Gx Sp{V,uJv)- 
There exists a slice Ti at x for the action of G on M, a Gx-invariant neighborhood VofOinV and 
a Gx-equivariant embedding cr : V — S so that 

(1) (t(V) is closed in T,; 

(2) a(ci>-i(o)nv) = sn<i>-i(/i); 

(3) a*u> = ojy o,nd ^ o a = i o <I>y + /i where i : g* — > g* is a Gx-equivariant injection; 

(4) G^ ■ (S n <I>~"'^(;u)) is a connected component of fl lA, where lA = G - Tj. 

Proof of Proposition \2. 7| Our proof of ProDosition l2.7l uses the Bates-Lerman version jBLj [pp. 212- 
215] of the local normal form theorem for moment maps of Marie, Guillemin and Sternberg: 

Theorem 2.8 ( jBLj ). Let {M,uj) be a symplectic manifold with a proper Hamiltonian action of a 
Lie group G and a corresponding equivariant moment map <I> : M ^ g*. Fix x £ M , let fi = 
(y,uJv) the symplectic slice at x, '-^ ^ the associated homogeneous moment map. Choose 
a Gx-equivariant splitting 

Q*=Q*x® iQ^./QxT e 0° 
fg° denotes the annihilator of in q*) and thereby Gx-equivariant injections 

i-5*x^9*, i : (Sm/Sx)* ^ 0*. 

Let 

Y = GXG^ {{q^/QxT xV); 
it is a homogeneous vector bundle over G/Gx- There exists a closed 2-form ooy on Y which is 
non- degenerate in a neighborhood of the zero section G xq^ ({(OjO)!}) = G • [1,0, 0] (1 denotes the 
identity in G) such that 

(1) a G-invariant neighborhood of G ■ x in {M,uj) is G-equivariantly symplectomorphic to a 
neighborhood of G ■ [1,0,0] in (F, wy); 

(2) the moment map $y for the action of G on (y, wy) is given by 

^y{[9, V, v])=g-{i^ + jiv) + ii^vix))) 

for all {g,r],v) G G x (g^/g^-)* x V; 

(3) the embedding l :V ^Y, i{v) = [1,0,1'] is symplectic: l*ujy = ujy- 

Hence, we can assume without loss of generality that {M,uj,^) = (y, tjy,$y) and x = [1,0,0]. 
Note that the embedding k : (q^/Qx)* xV^Y, n{r],v) = [l,ri,v] is a slice at x for the action of 
G on Y. 

We now argue that for a small enough G^-invariant neighborhood V of in F and a small enough 
Gi,-invariant neighborhood W of in (q^/Qx)* 

S := k{W xV) cY 

is the desired slice and 

= ^Ijoixv : V ^ S, a{v) = [1, 0, v] 
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is the desired embedding. 

Note that no matter how V and W are chosen we automatically have that cr{V) is closed in S 
and a*ujY = ujy- Hence cr{V) is closed in Z// := G • S, which is a G-invariant neighborhood of x. 
Note also that 

$y o a{v) = $y ([1, 0, v]) = fi + i{<^viv))- 

Next we make our choice of V and W and prove that the resulting embedding a has all the desired 
properties. For this purpose, factor : y — > g* as a sequence of maps (we identify g* with 

G XG. ((0^/0.)* xV)^G xa^ ((0,./0.)* X 0*) ^ G x^, Q*, ^ Q*, 

where 

F2{[g,V,^]) = iaJiri) and 

Since the tangent space T^{G ■ fi) is canonically isomorphic to the annihilator 0° and since 0* = 
0* © 0^, the vector bundle G x^^ 0* is the normal bundle for the embedding G ■ fi ^ q* and 
iS : G Xg^ 0* — 0* is the exponential map for a flat G^-invariant metric on 0*. Therefore £" is a 
local diffeomorphism near the zero section. In particular there is a Ga;-invariant neighborhood O 
of [1, 0] G G xg^, Q*^ so that £\o is a diffeomorphism onto its image. Let O' = {F2 o Fi)~^{0). Then 

o' n ^yHf,) = o'n {F2 o 

= o'nF,-\F,-\[i,o])) 

= o'nF,-\G^XGA{o,o)}) 
= 0'nG^XG^ ({0} X ci>-i(o)). 

We may take O to be of the form ^ x^,, (W x V') where ^ C G is a G^ x G^-invariant neighborhood 
of 1, W C (0^/00;)* is a G^j-invariant neighborhood of and V C 0* is a convex Ga;-invariant 
neighborhood of 0. We take V = ^y^{V'). Then V D <I>y^(0) is connected. With the choices above, 
O' = Axg, (W X V) and 

o' n <^y\f,) = (w X V)) n (G^ XG. ({0} x (^^^(o) n v))) . 

Since G^, Xg, ({0} x ($^^(0) n V)) is closed in G Xg, (W x V) = G • S = and since ^y^{0) n V 
is connected, G^ • a{^y^{0) n V) = G^ xg^ ({0} x {^y^{0) n V)) is a connected component of 
<5y^(/u) nU. This proves property (4). 

Note that S = {[1, r/, | 7? G W, w G V} C ^Xg,(Wx V). Hence «>^.^(^)nS = ($-^(^)nC)nS = 
{[l,0,v] \ ve^y\0)nV}, i.e., 

which proves property (2) and thereby finishes the proof of Proposition 12.71 □ 

Proof of Proposition \2.b\ We continue to use the notation above. Since (T($y^(0)nV) = $~^(^)nS 
and since cr : V — > S is a closed embedding, the restriction c|$-i(o)nv • ^y^(O) ^ V ^ <I>^^(/i) n S 
is a G^-equi variant homeomorphism. Hence 

a : ($^1(0) n V)/G, ^ n S)/G, 
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is a homeomorphism as well. Since S is a slice at x for the action of G on M, it is also a slice for 
the action of G^. Consequently 

{G, ■ i^-Hfi) n s))/G,, - n s)/G,.. 

Since • (<I>~^(^) fl E) is a component of <I>~^(/u) nU, a : V//oGx — > U/ff^G is a homeomorphism 
onto its image. Moreover, the diagram 1)2. 1|) commutes. 

We now argue that a pulls back the smooth functions in C°°{V//Gx) to smooth functions in 
G°°{U// ^G) and that the pull-back is an isomorphism of Poisson algebras. Since S is a slice and 
U = G ■ T,, the restriction 

is a bijection. Since a{^y^{0) n V) C ^^^{fi) DU and since 



commutes, where the vertical arrows are restrictions, and since the top arrow is surjective, the bot- 
tom arrow is surjective as well. Since S is a slice and U = G- S, any function / E G°°{U)'~^\^^i(^^-^f^ 
is uniquely defined by its values on <I>~^(^) nS = a{(^y^{Q)f^V). Hence the bottom arrow a* is also 
injective. Since a : V ^ is symplectic, a* : C°°{U) G~(V) is Poisson. Hence a* : C°°{U)^ 
G°°(V)*^^ is also Poisson. Consequently a* : G°°(Z^)*^|$-i(^)nw '^'^(^)'^''\<s>-\o)nv Poisson as 
well. We conclude that 

a* : C^{U//^G) ^ G°°(V//oG,) 

is an isomorphism of Poisson algebras. 
Finally since $ o o" = z o #y + ^, 

Since $y is quadratic homogeneous, d{^v)o = 0. Hence 

dao{ToV) C kerd^*, = r,(G • x)". 

□ 

This concludes our proof of Theorem 13] as well. 

3. From invariant Hamiltonians on vector spaces to Reeb flows: Theorem m 

IMPLIES Theorem El 

Remark 3.1. Theorem]^ is easily seen to be true in a special case: the set of i^-fixed vectors is 
a subspace of V of positive dimension. Indeed, since h is iT-invariant its Hamiltonian flow preserves 
the symplectic subspace , which is contained in the zero level set $~^(0) of the moment map. 
Moreover the flow of h in is the Hamiltonian flow of the restriction h\yK. Hence Weinstein's 
theorem applied to the Hamiltonian system {V^ ,uj\yK ,h\yK) guarantees that for any E > Q 
sufficiently small there are at least ^diml/^ periodic orbits of h\yK in the surface 

{h\yK = E} = {h = E] f\V^ C {h = E] r\{^ = 0}. 

To show that Theorem ^ implies Theorem |2 we first need to digress on the subject of contact 
quotients. 
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3.1. Facts about contact quotients. Suppose that a Lie group G acts properly on a manifold 
S, preserving a contact form (3. The associated moment map ^' : S ^ 3* is defined by 

(*(x),e) = /3.(af(x)) 

for all X G S, all ^ G g*. The map ^ is G-equivariant. The contact quotient at zero is, by 

definition, the set 

:= ^-\0)/G. 

Just as in the case of symplectic quotients the contact quotients are stratified spaces |LWj with the 
stratification induced by the orbit type decomposition: 

S//G:= ]J(M/-i(o)nS(^))/G, 

H<G 

where the disjoint union is taken over conjugacy classes of subgroups of G. Additionally each 
stratum 

:= (M/-i(0)ni](^))/G 

is a contact manifold and the contact form on each stratum is induced by the contact form (3 
on S |Wil Theorem 3, p. 4256]. More precisely for each subgroup H of G the set ^'"^(0) fl ^{h) is 
a manifold and 

'^Ih)I^{h) = /3k-i{o)nS(^), 

where t^i^^) : ^'"^(0) fl T.^^^-^ ^ (^'"^(0) fl T,(^jj))/G = (S//G)(j:^) is the orbit map. It is not hard 
to see that the fiow of the Reeb vector field X of /3 preserves the moment map and the orbit type 
decomposition, hence descends to a strata-preserving flow on the quotient Also, on each 

stratum the induced flow is the Reeb flow of the induced contact form P^^^j-^ . 

We're now ready to prove that Theorem |1] implies Theorem [2 It is no loss of generality to 
assume that /i(0) = 0. Since the quadratic form q = d?h{0) is positive deflnite, the energy surface 

{q = 

i? > 0, is a iT-invariant hypersurface star-shaped about 0. Hence 

is a i^-invariant contact form, where R{v) = v denotes the radial vector fleld on V. For E > 
sufficiently small, the i^-invariant set 

{h = E} 

is a hypersurface which is C^-close to {q = E}. Hence 

is also a ivT-invariant contact form. By the implicit function theorem, for E > sufficiently small, 
there is a function f : {q = E} — i- (0, 00), which is close to 1, so that 

(P: {q = E} ^ {h = E} (t){x) = f{x)x 

is a ET-equivariant diffeomorphism. Since (I)*Pe = f'^c^E, the manifolds {q = E} and {h = E} are 
iT-equivariantly contactomorphic. Moreover, under the identification <j) the two contact forms oe 
and Pe are C^-close (again, provided E is small). Note that the two associated contact moment 
maps are ^\{q=E} and ^\^h=E} respectively. 

Up to re-parameterization the integral curves of the Hamiltonian vector field of h in {h = E} 
are the integral curves of the Reeb vector field Xe of Pe- Similarly the integral curves of the 
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Hamiltonian vector field of q on {q = E} are the integral curves of the Reeb vector field of 
oe- In particular the relatively periodic orbits of h on {h = E} are relatively periodic orbits of 
Xe- Since the hypersurface {h = E} is compact and since the orbit type decomposition of the 
contact quotient {h = E}//G is a stratification, the minimal strata of the quotient are compact. 
Let Q = {{h = E}//G)(^i^ be one such stratum. Then the relatively periodic orbits of h in 
{h = E} n <I>^^(0) n V(^) descend to periodic orbits of the Reeb vector field X of the contact form 
on Q = {{h = E}n <I>~^(0) fl V(i))/G. Therefore to prove Theorem 121 it is enough to establish 
the existence of periodic orbits of X. For this, according to Theorem |3J it suffices to establish the 
existence of a contact form q on Q whose Reeb vector field Y generates a torus action and such 
that is close to a when £" > is small enough. 

The form a, of course, is the form induced by oe- Let us prove that it does have the desired 
properties. Since (p : {q = E} — > {/i = E} is an equivariant contactomorphism it induces an 
identification of the contact manifold Q with {{q = E} fi <I>~^(0) fl V(/,))/G. Moreover, since oe 
and Pe are C^-close, the induced forms and a = a(i) are C^-close as well. Since q is definite, 
its Hamiltonian flow generates a linear symplectic action of a torus T on V. The restriction of this 
action to {q = E} is also generated by the Reeb vector field Ye oi oe- Since q is iT-invariant, the 
action of T commutes with the action of K and preserves the moment map Hence it descends 
to an action of T on Q. Moreover, since the Reeb vector field of aE descends to the Reeb vector 
field of a(^^ on Q, the induced action of T on Q is generated by the Reeb vector field of a(L). We 
conclude that Theorem |3 implies Theorem |2I 

4. Perturbations of Reeb flows: proof of Theorem m 

In the proof of Theorem |1] we will need the following elementary result. 

Lemma 4.1. Let (pt be a dense one-parameter subgroup in a torus T and let H be a subgroup of 
T topologically generated by an element (j)^ , r > 0. Then either H has codimension one in T or 
H = T. 

Proof of Lemma \41\ It suffices to show that the map 

[0, t]x H ^T, F{t, h) = (j)^ -h 

is onto T. Pick g GT. Assume first that g is in the one-parameter subgroup, i.e., g = 4>^ for some 
t. Then we have t = kr -\- t' with < t' < r and, clearly, 

g = / ■[i<p-)'']=F{t',{<P^)'). 

Hence g is in the image of F. 

Let now g be in T, but not in the one-parameter subgroup Then there exists a sequence 
tr — >■ ±oo such that g. (This sequence must go to positive or negative infinity, for otherwise 

g is in the one-parameter subgroup.) Assume that tr oo; the case of negative infinity can be 
dealt with in a similar fashion. As above, we write 

where fc^ — >■ oo as r — > oo and < < r. 

The elements {<f)'^)^^ are in H and, since H is compact, we may assume that {(f)^)^^ —^h^H 
by passing if necessary to a subsequence. Furthermore, by passing if necessary to a subsequence 
again, we may assume that t[. t' ^ [0, t]. 

We claim now that g = F{t', h). To see this note that as above 
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As r goes to infinity, — > (/)*' and the second term goes to h. Hence, 

g = / ■h = F{t',h). 

This completes the proof of the lemma. □ 



Proof of Theorem^ First, let us set notation. We denote by X the Reeb vector field of a and by 
0* its Reeb fiow. By the hypotheses of the theorem, the flow (p^ generates an action of a torus T on 
Q. We will view cp*' as a dense one-parameter subgroup of T. The points on periodic orbits of X 
will be referred to as periodic points. We break up the proof of the theorem into four steps. Steps 
1-3 concern exclusively properties of the Reeb flow of a. The perturbed form P enters the proof 
only at the last step. 

1. We claim that the periodic points of X are exactly the points x (z Q whose stabilizers T^; have 
codimension one in T. 

Indeed, let x G Q be a periodic point, i.e., (j)^ [x) = x for some T > 0. Since is dense in T, the 
Reeb orbit through x is dense in the T-orbit through x. Since x is a periodic point, the Reeb orbit 
is closed and thus equal to the T-orbit. Hence, T/Tj, is a circle and thus T^, has codimension one. 
Conversely, if T^, has codimension one, the Reeb orbit through x must be dense in the T-orbit and 
hence equal to the T-orbit because the latter is a circle. 

2. Let now be a minimal stratum of the T-action, which is comprised entirely of periodic 
points. We claim that such a stratum exists, is a smooth submanifold, and all points of N have 
the same period, i.e., the T-action on N factors through a free circle action. 

Since the T-action has no fixed points, periodic points lie in minimal strata of the action. Fur- 
thermore, the Reeb fiow of a has at least one periodic orbit (in fact, at least two unless Q is a 
circle); this follows, for example, from a theorem of Banyaga and Rukimbira, |BRj . Now it suffices 
to take as A^ a minimal stratum containing a periodic point. The fact that A is smooth is a general 
result about compact group actions. Finally, all points in A have the same stabilizer T^; and the 
action of the circle T/T^, on A is free because A is minimal. The period T of x G A is the first 
T > such that ((P^ G T^.. 

3. We claim that A is a non-degenerate invariant submanifold for the Reeb flow of a. 

Let X & N. We need to show that the linearization dcf)^ on the normal space Ux to A at x 
does not have unit as an eigenvalue. By definition, this linearization is just the linearized action 
of cf^ G T^. on Ux- As is well known, the isotropy representation of T^. on Vx contains no trivial 
representations in its decomposition into the sum of irreducible representations. Hence, it suffices 
to show that the subgroup generated by (f^ is dense in T^;. 

Let m be the first positive integer such that {(f^) is in T^., the connected component of identity 
in T^,.. (Such an integer m exists because Ta,/T^. is a finite subgroup of the circle T/T^.) Since 
Tx/T^, is finite cyclic, it suffices to show that the subgroup H topologically generated by c/)"^'^ is 
equal to T^. This follows immediately from Lemma l4.ll Indeed, by the lemma, the group H is 
either equal to T or has codimension one in T. Since H C and T^ has codimension one, the 
group H must have codimension one. Thus H is a, closed subgroup of T^, of the same dimension as 
TO. and hence H = T^^. 

4. Now we invoke the following theorem due to Kerman ^ (p. 967). Let Crit{P) be the 
minimal possible number of critical points of a smooth function on a compact manifold P. 

Theorem 4.2 (Kerman, (Kij). Let Q be a compact odd- dimensional manifold, X a non-vanishing 
vector field on Q, and N a non- degenerate periodic subm,anifold of X. Let Q be a closed maximally 
non- degenerate two- form on Q whose kernel is C'^ -close to X and such that the class is in 
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the image of the pull-back from H'^(N/S^) to H'^{N). Then Q, has at least Crit{N / S^) closed 
characteristics near N . 

Applying this theorem to Q, and X as above, and = d/? we obtain the required result. □ 

Remark 4.3. In fact, our proof of Theorem ^establishes the existence of two distinct periodic orbits 
when Q is not a circle. As a consequence, in the setting of Theorems ^ and [21 there exist at least 
two distinct relative periodic orbits unless Q is a circle. 
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